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a  b  s  t  r  a  c  t

A  simple,  analytic  model  is presented  that  describes  the  steady  state  profile  of  anode  nitrogen  con-
centration  in  a polymer  electrolyte  membrane  fuel  cell  operated  with  anode  recirculation.  The  model
is appropriate  for fuel  cells  with  straight  gas  channels  and  includes  the  effect  of  nitrogen  crossover
from  cathode  to anode  through  the  membrane.  The  key  analytic  simplification  in the  model  is  that  this
crossover  rate,  when  scaled  to  the  gas  flows  in the  channels,  is small.  This is a  good  approximation  when
the  device  is used  at operating  power  levels.  The  model  shows  that  the  characteristic  times  for  the  anode
nitrogen  profiles  to  reach  steady  state  are  of  the  order  of  minutes  and  that the  dilution  effect  of  anode
nitrogen  is severe  for  pure  recirculation.  The  model  shows  additionally  that  a small  anode  outlet  bleed
node recirculation
odelling
ptimization

can significantly  reduce  the  nitrogen  dilution  effect.  Within  the  framework  of  the  model,  the  energy  effi-
ciency of  pure  recirculation  can  be  compared  to  hydrogen  venting  or partial  anode  bleeding.  An  optimal
bleed  rate  is  identified.  The  model  and  optimization  analysis  can  be adapted  to  other  fuel cell  designs  and
operating  conditions.  Along  with  operating  conditions,  only  two  key  parameters  are  needed:  a  nitrogen
crossover  coefficient  and  the  marginal  efficiency  loss  to compressors  for increased  anode  stoichiometric
gas  flow.

© 2011 Elsevier B.V. All rights reserved.
. Introduction

Polymer electrolyte membrane fuel cells (PEMFCs) are a promis-
ng technology for power production. They combine anode fuel
pure hydrogen, methanol, or various reformates) with cathode
xidant (air or enriched air) in a catalysed electrochemical reaction
hat produces electrical energy. See [16] for a general reference.

Using pure hydrogen as an anode fuel has many advantages:
node kinetic losses are very low with this fuel compared to
ethanol [17], and the byproducts of reformate such as CO that can

oison the anode kinetics are not present [26]. There are efficiency
osses to venting excess hydrogen at anode outlet. These losses
an be reduced by lowering the anode flow rate. However, when
he anode stoichiometric flow rate is near one, there is increased

isk of anode outlet starvation, which is a major source of cell
egradation [8].  There are strategies to avoid having hydrogen exit
he PEMFC system. The anode can be dead-ended (no outlet flow)

∗ Corresponding author. Tel.: +1 604 822 5784; fax: +1 604 822 6074.
E-mail addresses: kpromisl@math.msu.edu (K. Promislow), jsp7@hawaii.edu

J.  St-Pierre), wetton@math.ubc.ca (B. Wetton).

378-7753/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.jpowsour.2011.08.070
[14,19,20] as in the Ballard Nexa design [29] and some recent air-
breathing designs [9,12,18]. However, this strategy can require a
mechanism to counteract anode nitrogen build-up at outlet. This
nitrogen reaches the anode by crossing through the membrane
from the cathode which has nitrogen from the ambient air used as
the source for the oxidant gas [2].  An alternative strategy to venting
or dead-end operation is anode recirculation [1,3–5,15,22]. Anode
outlet gases, including unused hydrogen, are added back into the
anode inlet along with additional hydrogen to maintain a given
stoichiometric flow rate. Recirculation is compared to the other
anode outlet strategies graphically in Fig. 1. Both pure recircula-
tion and dead-end operation can be modified with partial anode
outlet flow bleed. Like dead-end operation, recirculation is subject
to anode nitrogen build-up due to crossover. The crossover rate
is typically small but over time anode nitrogen concentrations in
recirculating systems will build until they are comparable to those
in the cathode. This dilution effect of anode hydrogen by nitrogen
is demonstrated quantitatively in the present paper. In addition

to this dilution effect, the efficiency of the cell is reduced due to
the parasitic losses of the compressors recirculating the additional
anode nitrogen flow. In this paper, we present a simple model of the
build-up of nitrogen in the anode under recirculation. The model

dx.doi.org/10.1016/j.jpowsour.2011.08.070
http://www.sciencedirect.com/science/journal/03787753
http://www.elsevier.com/locate/jpowsour
mailto:kpromisl@math.msu.edu
mailto:jsp7@hawaii.edu
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Fig. 1. Schematic compar

s similar in spirit to that developed in [15]. We  focus on operating
urrent densities and exploit the scaling in this case to get approx-
mate analytic results that we use to optimize the performance of
ystems using anode recirculation.

In Section 2 we present empirical models of crossover rates. The
haracteristic relaxation time of anode nitrogen concentrations to
teady state is identified. In Section 3 we present the simplified,
nalytic model based on slow crossover asymptotics. The model
s appropriate for straight gas channel design such as Ballard Mk

 hardware. Variations along the channel length are considered
ut performance is averaged over cross-plane geometry. The model
hows large anode nitrogen concentration at steady state at anode
utlet. In Section 4 a strategy to reduce anode nitrogen concentra-
ions with an anode outlet flow bleed is examined with the model.
t is shown that even small bleed rates (a few per cent) can con-
iderably reduce nitrogen levels. In the framework of the model,
he relative efficiency of strategies (venting, pure recirculation and
ecirculation with bleed) can be investigated. Optimal bleed rates
re determined in Section 5. We  end with a short summary.

. Nitrogen crossover

Experimental measurements of gas transport through Nafion
how that the gas flux rate is proportional to gas concentration
ifference across the membrane as well as several other factors.

 fit of the experimental measurements provided to us by Ballard
ower Systems gives the following empirical formula for nitrogen
rossover:

 = AKN
�C

Lm
(1)

here M is the flow of nitrogen from cathode to anode per unit
ell in mol  s−1, A is the unit cell active area in m2, KN is a fitted
arameter in m2 s−1 with dependence on temperature and relative
umidity, �C  is the difference in cathode to anode molar nitrogen
oncentration (mol m−3) and Lm is the membrane thickness. In the

nalytical model below, we take a representative constant value of
N from the fit to be

N = 8 × 10−11 m2 s−1. (2)
f anode outlet strategies.

Taking KN constant is appropriate for well humidified cells where
the temperature does not vary significantly. This is within a
factor of two  of the value estimated in [15], where a similar form to
(1) for crossover is used, determined using different experimental
techniques.

2.1. Recirculation-crossover time scale

In later sections, we  consider the behaviour at steady state of
fuel cells operated with anode recirculation, including the signifi-
cant variation of anode nitrogen concentration along the channel.
However, we give here a rough time scale of the transients to reach
this steady state, using Ballard Mk  9 hardware as an example. We
take the unit cell area to be 300 cm2 or 3 × 10−2 m2, the membrane
to be Nafion 112 so thickness 50 �m.  We  consider the active recir-
culation volume to be that of the anode GDL, channels, and gas
manifold and estimate

V ≈ 32 cm3 = 32 × 10−6 m3. (3)

Here, the manifold volume is divided by the number of cells in the
stack. If the recirculation system had a significant gas volume, it
should also be added to V above, also divided by the number of
cells in the stack. We  let C(t) be the average molar concentration
of nitrogen in the anode compartment assuming pure recirculation
operation. Neglecting the spatial variations in this concentration
from inlet to outlet that are considered below and also neglecting
channel level boundary layer and mixing effects, we can derive the
simple mass balance:

dC

dt
= 1

V

AKN

Lm
(Co − C) (4)

where Co is the average cathode compartment concentration of
nitrogen. This gives a recirculation time scale of

VLm

AKN
≈ 670 s. (5)
This time scale is sufficiently small in comparison to many car trip
durations that the steady state discussion below is relevant to auto-
motive applications. The time scale is long enough that when anode
exit hydrogen is vented at operating power, nitrogen crossover
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an be neglected. However at very low current densities (not con-
idered in this work but see [15]) and in recirculation it can be
ignificant.

. Steady state analytic model

We consider nitrogen crossover to anode with anode recircula-
ion under some simplifying assumptions:

. The cathode nitrogen partial pressure is constant PN [28].

. The anode is isothermal and saturated and at constant pressure
Pa. The partial pressure of non-vapour gases is Pr = Pa − Psat(T)
[28].

. The current density i is uniform. For example, at operating power
for Ballard Mk  9 hardware, less than 10% deviation was observed
[23].

. The nitrogen crossover factor KN is constant given by (2).

. Recirculation and crossover are at steady state.

We  consider a unit cell of length Lc and width W,  with down-
hannel length parametrized by y and anode inlet at y = 0. We
onsider quantities:

(y): anode nitrogen flow (mol s−1).
(y): anode nitrogen partial pressure (Pa).
(y): anode hydrogen flow (mol s−1) given explicitly by

sLc − y)
iW

2F (6)

here s is the anode stoichiometric flow rate. It is here that the
assumption of uniform current density is used.

A standard flow fraction argument assuming ideal gas behaviour
6] and well-mixed gases in the channels gives:

(y) = Pr
N

N + H
(7)

nd the crossover model gives

dN

dy
= ˛W(PN − P) (8)

here

 = KN

LmRT
. (9)

ombining (7) and (8) we obtain

dN

dy
= ˛WPN

(
1 − Pr

PN

N

N + (sLc − y)(iW/2F)

)
. (10)

e scale ŷ = y/Lc and

ˆ
 = N2F

iWLc
(11)

nd to obtain the scaled equation

dN̂

dŷ
= c

(
1 − rN̂

N̂ + s − ŷ

)
. (12)

ere r = Pr/PN. We  use r ≈ 4/3 obtained from a saturated anode at
.2 barg and a saturated cathode at 2 barg at 80% nitrogen. A higher
node pressure Pr is desirable because it minimizes the impact
f nitrogen crossover as shown below. In addition, if combustion

ccurs it minimizes risks of propagation to the hydrogen source.
he dimensionless crossover rate is

 = KN

Lm

PN

RT

2F
i

≈ 3 × 10−3 (13)
ources 196 (2011) 10050– 10056

where we  have used i = 10, 000 A m−2 (1 A cm−2) and
PN/R/T ≈ 100 mol  m−3. In words, c is the dimensionless num-
ber that represents the ratio of crossover to channel flows. We  use
the fact that c is small to simplify the model below.

Eq. (12) together with an additional boundary condition can be
solved for the scaled anode nitrogen flow N̂(ŷ). The boundary con-
dition depends on the anode outlet strategy. For no recirculation
(anode hydrogen is vented),

N̂(0) = 0. (14)

Alternatively, for pure recirculation at steady state,

N̂(0) = N̂(1). (15)

From the solution to (12), the scaled anode nitrogen partial pressure
P̂ can be recovered:

P̂ = P

Pr
= N̂

N̂ + s − ŷ
. (16)

A similar model is derived in [15], in which the authors also con-
sider hydrogen and oxygen crossover. In that work, the model is
approximated numerically, and the focus is on low anode stoi-
chiometric flow rates and low current densities. For the operating
current densities considered in this paper, crossover hydrogen and
oxygen (that immediately react to form water) can be neglected. It
is only the unreactive nitrogen that can build to significant levels
and only when it has a chance to do so in recirculation or dead end
operation.

3.1. Model reduction and results

In this section we deal only with scaled quantities. We  note that
c (the dimensionless crossover rate) is small for operating current
densities (but not necessarily at idle, see the discussion in Section
6) and expand N̂(y) in a regular asymptotic expansion in powers of
c:

N̂(y) = N∗ + N1(y)c + O(c2) (17)

where N* is a constant (scaled) flow determined by the recircula-
tion constraint (15). We  integrate (12) from zero to one, apply the
contraint keeping only O(c) terms to obtain∫ 1

0

(
1 − rN∗

N∗ + s − ŷ

)
dŷ = 0. (18)

In physical terms this condition states that at steady state the anode
nitrogen flow is approximately constant along the length of the
channel and its value is such that the net crossover is zero. The
integration in (18) can be done analytically leading to

(N∗ + s − 1)e1/rN∗ − N∗ − s = 0 (19)

which can be solved for N* for given operating conditions r and s.
With r = 4/3 and s = 1.2 we find a root N* ≈ 2.01. We  expect physi-
cally that there is a unique root to this equation for every r > 1 and
s > 1 and observe that in our computations, but have been unable
to prove this mathematically. The corresponding scaled nitrogen
partial pressures from Eq. (16) are shown in Fig. 2 corresponding to
the  ̌ = 0 curve. Note that the anode nitrogen partial pressures can
be quite large even though the crossover rate is small (in Fig. 2 note
that the scaled cathode nitrogen partial pressure is 1/r  = 3/4 and the
total scaled partial pressure available to anode non-vapour gases is
1). At steady state, the net crossover rate must be zero, so the anode
nitrogen partial pressure must be larger than the cathode nitro-

gen partial pressure in some locations. This is a significant dilution
effect of anode hydrogen at outlet. Also note that the recirculation
profile (  ̌ = 0) in Fig. 2 does not depend on the scaled crossover rate
c as long as it is small. However, the time scale to reach steady state



K. Promislow et al. / Journal of Power Sources 196 (2011) 10050– 10056 10053

F
r

w
d

t

4

s
I
e
a
w
a
i
t
t
(

N

T
T
m
f
s

N

T
e
l
r
w

n
i

T
S
t
p

Table 2
Scaled nitrogen flow N* (top) and outlet scaled nitrogen partial pressure P̂(1) (bot-
tom) dependence on scaled bleed rate  ̌ and anode stoichiometric flow rate s. The
ratio  r of anode non-vapour partial pressure to cathode nitrogen partial pressure is
held fixed at r = 4/3.

s  ̌ = 0  ̌ = 1  ̌ = 2  ̌ = 4

1.1 1.69 0.408 0.266 0.164
1.2  2.01 0.445 0.287 0.174
1.5  2.94 0.524 0.3271 0.193
ig. 2. Scaled anode nitrogen partial pressures for pure recirculation (  ̌ = 0) and
ecirculation with scaled bleed rate  ̌ > 0 at base conditions r = 4/3 and s = 1.2.

ill of course depend strongly on the value of the crossover rate as
iscussed in Section 2.1.

This asymptotic solution structure provides clear insight into
he behaviour of nitrogen concentration in recirculating cells.

. Anode outlet bleed

The presence of crossover nitrogen in the anode can lead to a
evere dilution of the hydrogen fuel concentration, as shown above.
t also leads to increased demands on fuel flow pumps. Venting of
xit anode gases leads to inefficiency due to fuel loss and there
re safety concerns. However, since the nitrogen crossover rate
as small, venting (or bleeding off) even a small fraction of the

node outlet flow would lead to a much smaller nitrogen build-up
n anode recirculation [15,19,21].  This approach can be analyzed in
he same approximate, analytic framework as above. If a small frac-
ion � of the outlet flow was vented then the recirculation condition
15) would become

ˆ (0) = (1 − �)N̂(1). (20)

he same fraction of hydrogen and water vapour are also vented.
he losses due to the vented hydrogen are considered in the opti-
ization study in Section 5. This condition fits into our asymptotic

ramework above if we  take  ̌ = �/c. We  find the nitrogen flow N* to
atisfy a modified version of (19):

∗ + s − 1 − (N∗ + s)e(ˇ/r)−(1/rN∗) = 0. (21)

he corresponding scaled anode nitrogen partial pressures for sev-
ral values of  ̌ are shown in Fig. 2. Notice that the  ̌ = 1 curve
eads to a dramatic improvement in anode nitrogen levels and cor-
esponds to an anode outlet bleed of less than 1% by volume flow

ith the typical conditions considered above.

The dependence of anode nitrogen flow N* and the scaled anode
itrogen partial pressure at anode outlet P̂(1) on r and s are shown

n Tables 1 and 2, respectively. Note that r is restricted below by

able 1
caled nitrogen flow N* (top) and outlet scaled nitrogen partial pressure P̂(1) (bot-
om) dependence on scaled bleed rate  ̌ and ratio r of anode non-vapour partial
ressure to cathode nitrogen partial pressure. Anode stoichiometric flow rate s = 1.2.

r  ̌ = 0  ̌ = 1  ̌ = 2  ̌ = 4

1.25 2.70 0.466 0.296 0.178
4/3  2.01 0.445 0.287 0.174
1.5 1.32 0.406 0.269 0.168

1.25 0.931 0.700 0.597 0.471
4/3  0.909 0.690 0.589 0.466
1.5 0.868 0.670 0.574 0.456
1.1  0.944 0.803 0.727 0.621
1.2  0.909 0.690 0.589 0.466
1.5  0.855 0.512 0.396 0.278

1/0.79 ≈ 1.25 in the case when both anode and cathode are sat-
urated and at the same pressure. It is restricted above since the
membrane cannot support too large a pressure difference between
anode and cathode. Larger values of r could be attained if the
cathode gases were oxygen enriched (nitrogen reduced) [25]. As
expected, as r or s increases, the dilution effect of anode hydro-
gen at outlet by nitrogen becomes less severe (P̂(1) goes down).
The anode nitrogen flow decreases as r increases and increases as s
increases, also as expected. However, even moderate scaled bleed
rates  ̌ make both these effects much less significant. Note that the
middle lines on the bottom on both tables correspond to the values
at the right of the graph in Fig. 2.

5. Optimizing efficiency with anode outlet bleed

The results in Section 4 from the asymptotic (small c) approx-
imation agree with numerical results from the full model (12) to
within 5% for the r and s values considered above and for c = 3 × 10−3

(1 A cm−2) to c = 3 × 10−2 (100 mA cm−2). This gives us confidence
in using the reduced, analytic model to perform the following ener-
getic optimization of anode outlet bleed rate. We  assume that the
overall efficiency of the cell is roughly constant over a range of
operating current densities and estimate the additional fractional
efficiency losses due to anode hydrogen recirculation with bleed
strategy by the following quantity

E = (s − 1)ˇc + �N∗(ˇ). (22)

Recall that � = ˇc is the actual bleed rate, so the first term above is
the efficiency losses due to lost hydrogen. Here c appears in the
expression above and so the results in this section will depend
on its value. In the study below, we take two representative val-
ues, corresponding to 1 A cm−2 and 100 mA  cm−2. If the cell were
operated with no recirculation, the fractional efficiency loss would
simply be approximated by (s − 1). The second term above rep-
resents the efficiency losses to the compressors and pumps to
recirculate the constant anode nitrogen flow. Note that the scaling
is correct since N* is an anode stoichiometric flow ratio (11). The
term � is the marginal efficiency loss to compressors and pumps for
additional anode nitrogen flow measured as a stoichiometric flow
rate. Following our assumption above that the efficiency of the cell
is roughly constant over a range of operating current densities, it
is reasonable to consider � also constant over this range. Below,
further discussion and estimates of � are given. We  demonstrate
that the losses (22) can be minimized by choosing an optimal bleed
rate parameter  ̌ > 0 and that the fuel cell efficiency at this optimal
bleed rate is always higher than in pure recirculation (  ̌ = 0) or pure
venting (ˇc = 1, N* = 0) operation.

Our expression (22) is idealized to consider only losses to vented
hydrogen and parasitic power of the additional anode nitrogen

flow. Additional losses are present which are not accounted for: the
lowered hydrogen concentrations due to nitrogen dilution will lead
to Nernst and kinetic losses [10]. These would be enhanced by mass
transport losses from channel to catalyst sites [24] and in extreme
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Fig. 5. Optimal bleed rates and efficiencies for r = 4/3 and c = 3 × 10−2 (100 mA cm−2).

the anode outlet scaled nitrogen concentration does not approach
1. This is true in the results shown below.

Returning to (22), we estimate the marginal compressor effi-
ciency loss parameter � below, beginning with an estimate of the
fraction � of power generated by the cell that is lost to parasitic
power for compressors and pumps without recirculation. We  take
� = 0.15 [11] as a base case, although a range of larger values has
been reported in the literature (� = 0.2 [13] and even � = 0.5 [27]
for an older, experimental stack). We  note that � is not the energy
efficiency of the pumps and compressors [7] but rather the fraction
of stack output power used by these external devices. In operation
without recirculation, the anode flow volume is small compared to
the cathode and we neglect it in the rough estimate below. Assum-
ing an cathode stoichiometric flow rate of sc of air at approximately
20% oxygen, the cathode flow rate is 5sc/2, where the factor of 2
converts from cathode to anode stoichiometry. This leads to an
estimate of

� ≈ 2�

5sc
= 0.03 (23)
using sc = 2 and the base value of � = 0.15 taken above. This calcu-
lation assumes that the characteristics of the anode and cathode
compressors and flow channels are similar and that the efficiency
losses in these devices are linear with flow rate. There is some
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ariability in the value of � between systems in the literature and
ome uncertainty in the assumptions made above, so we  take the
ase value of � = 0.03 but it also varies it in the range 0.01–0.1 in
hat follows. The definition of � in this way as the marginal par-

sitic efficiency loss fraction allows the two terms in (22) to be
onsidered in this simple, additive way.

In Fig. 3 we plot the fractional loss estimates (22) as a function
f bleed rate ˇ. There is a clear optimal bleed rate to minimize
fficiency losses, balancing the losses due to vented hydrogen
increasing ˇ) and parasitic losses due to increased anode nitro-
en flow (decreasing ˇ). The behaviour after the minimum loss has

 small gradient, so overestimating the optimal bleed rate would
till give relatively good performance. This feature also gives some
oom to maintain good performance when other loss mechanisms
re taken into account.

Note that at this optimal bleed rate the efficiency loss of the
trategy is just over 1%, while the losses to pure recirculation  ̌ = 0

re about 6% (as can be seen at the left side of Fig. 3) and for pure
enting (at s = 1.2) are 20%. Optimizing losses (22) with respect to ˇ
equires derivatives and second derivatives of N* with respect to ˇ
hat can be found by implicit differentiation of (21). Using Newton’s
urces 196 (2011) 10050– 10056 10055

method, optimal bleed rates can be found for given parameters r, s,
c and � accurately and efficiently.

The optimal  ̌ values with the corresponding efficiency losses
(22) are shown in Figs. 4 (c = 3 × 10−3 corresponding to 1 A cm−2)
and 5 (c = 3 × 10−2 corresponding to 100 mA  cm−2). In Fig. 6 the
volume fraction of anode nitrogen at outlet P̂(1) is shown at these
optimal conditions. As shown in Section 4, there is little variation
with r when there is any significant bleed rate  ̌ so we kept r = 4/3
fixed for this study.

As expected, losses increase with � , the anode compressor para-
sitic loss coefficient. However, this increase is sublinear because the
optimal solution can trade off with hydrogen losses to bleed. The
efficiency losses decrease with anode stoichiometry s as expected.
Anode stoichiometry should be reduced as far as tolerances to star-
vation will allow. At operating power and at optimal bleed rates,
efficiency losses due to recirculation with bleed are only a few per-
cent. When comparing Figs. 4 and 5 recall that the actual bleed rate
is � = ˇc so at the lower current density, the optimal bleed rate is
larger even though the  ̌ values are smaller. This accounts for the
larger efficiency loss at the lower current density.

6. Summary and discussion

We  have developed an analytic model of nitrogen crossover and
build-up in a fuel cell anode in recirculation at operating power. A
simple scaling argument is used to identify the characteristic time
of relaxation of anode nitrogen concentration profiles to steady
state. The model shows that in pure recirculation, anode hydro-
gen can be severely diluted by nitrogen. The model is then used
to demonstrate that the technique of introducing an anode outlet
flow bleed of a few percent can significantly reduce anode nitrogen
concentrations.

An asymptotic version of the crossover/recirculation model is
used in most of this work. This is appropriate for small scaled
crossover rates c from (13). For modern membranes and operat-
ing regimes, this assumption is valid, but at low current densities
(i.e. idling) it may  not be. In low current operation, qualitative
information on nitrogen concentrations can be found by solving
the full equation (12) and recirculation condition (15) rather than
the asymptotic version. This was the approach taken in [15] where
numerical computation of a similar model including the effects of
hydrogen and oxygen crossover were considered.

The crossover, recirculation and bleed effects were incorporated
into a more complete unit cell computational model described in
[6] that has been extensively fitted and validated to experimental
data for Ballard Mk  9 hardware. These computational results are
very similar to the ones from the simple, analytic model described
here for operating power conditions. This gave us confidence to use
the analytic model to compare losses (vented hydrogen and anode
fuel compressors) at different bleed rates and anode stoichiomet-
ric flow rates. Optimal conditions that minimize the sum of these
loses are found within the framework of the model, for parame-
ters roughly corresponding to the Ballard Mk 9 design. The model
and optimization analysis can be adapted to other fuel cell designs
and operating conditions. Only two  key parameters are needed: a
nitrogen crossover coefficient and the marginal efficiency loss to
compressors for increased anode gas flow.

Several simplifying assumptions have been made in the model.
Most notable are the assumptions of uniform current density
(anode kinetics were neglected) and the effects of water manage-
ment in recirculating systems. However, the simplicity of the model

allows clear insight into some of the basic elements of these sys-
tems. Other factors can be assessed in the context of these results,
which can also be used to identify appropriate parameter regimes
for experimental studies.
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Glossary

ˇ: Scaled anode outlet bleed fraction. The actual bleed fraction � corresponding to
Fig.  1 is given by � = ˇc.

c: Dimensionless nitrogen crossover rate, the ratio of crossover to channel flow.
Varies inversely with the current density of the cell due to the normalization,
since the channel flow increases linearly with current density, see Eq. (13). The
base  value c = 3 × 10−3 corresponds to 1 A cm−2.

E: Dimensionless, fractional efficiency loss for recirculation strategies. Optimal
strategies to minimize these losses are investigated in Section 5.

�:  Dimensionless parameter that represents the marginal efficiency loss of the cell
operating with increased nitrogen anode flow, measured in terms of an anode
stoichiometric flow. Base value � = 0.03.

r: Dimensionless ratio of the partial pressure available to non-vapour gases in the
anode to the partial pressure of nitrogen in the cathode. Base value r = 4/3.

s:  Anode inlet stoichiometric flow rate. Base value s = 1.2.
ŷ:  Scaled length down the cell from anode inlet ŷ = 0 to outlet ŷ = 1.
N̂(ŷ): Dimensionless anode nitrogen flow, scaled as an anode stoichiometric flow.
N*: For small values of c in recirculation, the value of N̂ is approximately constant in

ŷ.  N denotes this constant value.
*

P̂(ŷ): Dimensionless anode nitrogen partial pressure, scaled to the anode partial
pressure available to non-vapour gases. P̂ = 1 corresponds to an anode location
completely filled with saturated nitrogen.
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